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PARAMETER DEPENDENCE OF THE BERGMAN KERNELS 


BO-YONG CHEN 


Abstract. Let {fit : — 1 < t < 1} be a family of bounded pseudoconvex domains and 
ipt £ PSHiyit). Let Kt{z,w) denote the Bergman kernel with weight ipt on Qt- We study 
the continuity and Holder continuity of Kt{z,w) in t. Several applications to singularity 
theory of psh functions are given, including a new proof of the openness theorem. 

1. Introduction 

Let {Hi : \t\ < 1} (t G M or t G C) be a family of bounded domains in C” and (pt G 
PSH{VLt) : the set of plurisubharmonic (psh) functions on Let Kt{z,w) denote the 
Bergman kernel corresponding to the Hilbert space 

A\nt,pt) := |/ G o{nt) ■■ < ooj. 

There are two general approaches to study the parameter dependence of Kt: (1) regularity 
of Kt in t; (2) convexity or (pluri)subharmonicity of Kt in t. It is known from the works of 
Hamilton m and Greene-Krantz m that Kt is C°° in t when {Hj} is a family of strongly 
pseudoconvex domains such that {cHIi} forms a differentiable family of compact manifolds, 
and Pt = ^ for all t. Little is known about the case of weakly pseudoconvex domains or 
when Pt has singularities. On the other side, the second approach is by now well-developed 
through a series of papers due to Berndtsson after the seminal work of Maitani-Yamaguchi 
m, which turns out to be very useful in complex analysis and complex geometry (see e.g., 

m, m, IS])- 

This paper is closer to the first approach. We consider the following two special cases: 

(1) l<t<l}isa family of negative psh functions on a fixed domain Q. 

(2) {fit : — 1 < t < 1} is a family of bounded domains and pt = 0 for all t. 

Let denote the set of negative psh functions on 12. 

Definition 1.1. We say that a sequence {pj} C PSP[~{Q) satisfies condition (*) if there 
exists a closed complete pluripolar set E C Cl such that for every compact set S C d\E 
there is a positive function fis G -^^(<5) satisfying e~‘^^ < fis on S for sufficiently large j. 

Here a complete pluripolar set E means that for every a ^ E there exist a neighborhood 
[/ of 0 and a nonconstant function G PSH{U) such that E CMJ = oo). 

Example (1). Consider a family {fit ■ < t < 1} C PSP[~{Cl) such thate^*^^^ is continu¬ 

ous in {z, t) G fix (—1,1). Set E := V’o~^(~oo) and pj = fii/j- Clearly, for every compact set 
S C Cl\E, e~‘^i is bounded by a positive constant on S for all sufficiently large j, so that {pj} 
satisfies condition (*). We may choose for instance fifiz) = aifilog'ffj \fj{z,t)\‘^ where 
fj{z,t) G C{Cl X (—1,1)), 1 < j < m, fj{-,t) G 0{Cl) with \fj\ <C 1, and a G C'((—1,1)) 
with a{t) > c > 0 for all t. 
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Example (2). Suppose that if: G PSH~{Q). Set ipt = t'ljj, t > 0. Fix c > 0. Set 

-E := jz G n : e~‘^‘^ is not in any neighborhood of zj . 

By virtue of Bombieri’s theorem (cf. [TH], Corollary 4-4-d), E is an analytic subset in O, 
hence is a closed complete pluripolar set. On the other hand, e~‘^^ G L^(0\E, loc). If we 
set 4)3 = e~^'^ for every compact set S C Q\E, then for every sequence tj tQ < c, 
satisfies condition (*). 

A domain n C C"' is called hyperconvex if there exists a continuous function p G 
PSH~{Q) such that {p < c} CC 0. for every c < 0. 

Theorem 1.1. Let C C"" be a bounded hyperconvex domain. Suppose that {ipj} C 
PSH~{Ll) satisfies condition (*) and ipj converges almost everywhere on to a function 
(f G PSH~ [Ll). Let Kj and K denote the Bergman kernel with weight ipj and p on Ll. 
Then Kj(z,w) converges locally uniformly to K(z,w) on Llx Ll. 

Corollary 1.2. Let Ll C C” be a bounded hyperconvex domain and pt £ PSH~(Ll), —1 < 
f < 1. Let Kt denote the Bergman kernel with weight (ft on Cl. Suppose is continuous 

in {z,t) G n X (—1,1). Then Kt{z,w) is continuous in t. 

The proof of Theorem 11.11 relies heavily on the estimates of Donnelly-Fefferman 
(cf. m, see also my The key observation is an approximation result for holomorphic 
functions (see Lemma[33I), which also has applications in singularity theory of psh functions, 
including a new proof of Berndtsson’s openness theorem (cf. 0 ). 

In order to study the Holder continuous parameter dependence of the weighted Bergman 
kernels, we need two fundamental concepts from singularity theory of psh functions. 

Definition 1.2 (see e.g., my Let ip be a psh function in a neighborhood of 0. The log 
canonical threshold {or complex singularity exponent) co{ip) of ip at 0 is defined as 

co((p) := sup{c > 0 : e~^’^ is L^ in a neighborhood of 0}. 


Definition 1.3. The Lojasiewicz exponent of a psh function ip with an isolated singularity 
at 0 is defined as 

Co{ip) = inf |c > 0 : > constc \zf in a neighborhood of o| . 

By convention, we set Co{t) = oo if the previous set is empty. 


Theorem 1.3. Let Cl be a bounded pseudoconvex domain with 0 ^ Cl. Let {ipt : —1 < t < 1} 
be a family of negative psh functions on H such that e‘^° is a continuous function with an 
isolated zero at 0, co(v?o) > 1? f^^d 

|e^‘(^)-e^o(2)| < zGH, 

where C > 0 and 0 < a < 1. Let Kt denote the Bergman kernel with weight ipt on Cl. Then 

(1) Kt{w) is Holder continuous of order jd at t = 0 for every jd < and every 

w G n\{o}. 

(2) Kt{0) is Holder continuous of order jd at t = 0 for every Id < where 


go = mm 


Eo{p>y 


coj ipo) - 1 
2n 


To = mm 


. f co{ipo) - 1 


I 2r/o 


— re, 1 


Remark. Notice that one can choose fd arbitrarily close to a in case (1), provided colg^o) 
sufficiently large. 
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Definition 1.4. Let {fit : —1 < t < 1} be a family of domains in C^. Let p be a negative 
continuous function on the total set 

Q = {{z,t) : z £ Qt,t £ (—1,1)} 

which satisfies {—pt > e} CC fit where pt = p{-,t), for s > 0 and t G (—1,1). We say that 
Qt is Pt— Holder continuous of order a over (—1,1) if for each 7 > 0 there exist positive 
numbers b-^^ 1 and <C 1 such that 

{-pt > b^\t- s|“} C {-ps > 7\t- si"} 

for all t,s G (—1,1) with |t — s| < c^. 

Our main result is the following 

Theorem 1.4. Let {fit : —1 < t < 1} be a family of bounded domains in C”. Suppose there 
exists for every t £ (—1,1) a negative continuous psh exhaustion function pt on Lit such that 
Lit is Pt—Holder continuous of order a over (—1,1). Then the Bergman kernel Kt{z,w) of 
Lit is Holder continuous of order f3 in t for every j3 < a. 

As a direct consequence, we obtain 

Corollary 1.5. Let C C"' be a pseudoconvex domain and p a continuous psh exhaustion 
function on 11. Let 0^ := {z G H : p(z) <t}, t £ M. Then Kt{z,w) is Holder continuous of 
order a in t for every a <1. 

We also study in § 7 the (optimal) Holder continuity of Kt in t for a (—(5t)—Holder 
continuous family {Lit} of bounded simply-connected planar domains, where 6t denotes the 
boundary distance of Lit. 

Diederich-Ohsawa |10j studied the continuous parameter dependence of the minimal 
solutions of the 9—equations with respect to certain psh weight functions. It would be inter¬ 
esting to know whether similar Holder continuity holds for the (unweighted) minimal 
solutions of the 9—equations under situations considered here. 

For the proof of Theorem ll.4l we use a nice weighted estimate of the minimal solution 
of the 5—equation due to Berndtsson, together with certain iteration procedure. 

2. Weighted estimates for the minimal solution of the (9—equation 

Let Ll C C” be a bounded pseudoconvex domain and let (p £ PSH{Ll). By Hormander’s 
existence theorem for the 9—equation (cf. |18]L we know that for every 9—closed 
(0,1)—form V on H with \v\^e~'^ < 00 , there exists a solution u to du = v such that 

f < C / 

Ju Jo 

where C > 0 is a constant depending only on n and diam(H). Let L‘^{Ll,ip) denote the 
Hilbert space of measurable functions / satisfying 

ll/f := / l/|V^<oo. 

Jn 

We say that u is the (unique) L‘^{Ll, (/?)—minimal solution of the 9—equation if uLA^{Ll, ip) 
in L2(0,<^), i.e., u has minimal norm || • || among all solutions. 

Berndtsson proved that the L^(n, (/?)—minimal solution satisfies the following estimate 
which goes back to Donnelly-Fefferman m- 
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Theorem 2.1 (cf. [2]). Let Q C be a bounded pseudoconvex domain and ip a C'^ psh 
function on Q. Suppose ip is a C'^ real function satisfying 

(2.1) ridd{p + f)) > idf)/\ Bf) 

for some 0 < r < 1. Then the Lf‘{Ll,p) —minimal solution of Bu = v satisfies 


( 2 . 2 ) 



2gV’-‘P < 


6 

(l-r)2 



V 


2 _ 

ndd{ip+ip) 


He also proved the following 


Theorem 2.2 (cf. [T] ). Let Ll be a bounded pseudoconvex domain and p G PSH{Ll). Let 
u be the L‘^{Ll,p)—minimal solution of Bu = v. Let ui be a positive continuous (1, l)—form 
on Ll. Then 


u\ e < 


for all positive functions 'h on 12 such that 




idB'it < '^/{iBBp — uj). 


As a direct consequence, we obtain 


Corollary 2.3. Let LI be a bounded pseudoconvex domain and p G PSH{Ll). Let ip be a 
(7^ psh function on H which satisfies ridBip > iBip A Bip for some 0 < r < 1. Then the 
Lf {LI, p)—minimal solution satisfies 


(2.3) 


I |2g-^-^ < 


1 

1 — r 



V 


2 

HOdp 




Proof. Set 'b = e ^ and 


to = (1 — r)idBip. 


We then have 

idB'^ = ^{idip A Bip — iSBip) < —'hto, 

so that Theorem 12.21 applies. 


□ 


Remark. Following a suggestion of Blocki [6], we may deal with the case when ip is not 
: \v\‘Iqq^ should be replaced by any non-negative locally bounded function H such that 

iv /\v < HidBip 

holds in the sense of distributions. This is very convenient for various applications. 


3. Proof of Theorem 11.11 

Proposition 3.1. Let U be a domain in C”’ and {pj} a sequence of non-positive psh 
functions on U such that pj p a. e. on U. Let Kj and K denote the Bergman kernel 
with weight pj and p respectively. Then 

limsupj^ooitTj(z) < K{z), z £ U. 

Proof. Fix a compact set S C U and a point to G S' for a moment. Suppose 

^jkiw) sup 

as k ^ oo. Set fk{z) = Kj^{z,w). For every k and h G 0{Lf) with 
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we have < 1, so that \h{w)\‘^ < const^ in view of the mean value inequality. It 

follows immediately that Kj^{w) < const^. Since 


/[/ 


l/fcl < / l/fcl e = Kj^{w) < consts, 
Ju 


so there exists a subsequence which is still denoted by {fk}, such that fk 
locally uniformly. Fatou’s lemma yields 


/ G 0{U) 


'U 


l/l^e < liminffc^oo / \fk?‘e 

Ju 

= Ymik^ooKj^ {w) 

= limsupj^ooii:j(R;). 

Since f{w) = limfc_>.oo= limsupj_^ooiFj(r(;), so we have 

l/MP 


K{w) > 


h{u,v>) 


> \im sup 


□ 


Lemma 3.2. Let U be a bounded hyperconvex domain and p a negative continuous psh 
exhaustion function on U. Set = {p < —e} for e > 0. Let ip E PSH~{U). Let S be a 
compact set in U. For every f E ^4^(14, ip) and w £ S, there exists g E A‘^{U, ip) satisfying 
9{w) = f{w) and 

\\9\\f(U,^) < (1+ consts/|loge|)||/||i2((7^_<^) 

provided e < es <C 1. 

Proof. Without loss of generality, we assume —p < 1. Let y : M ^ [0,1] be a smooth 
function satisfying x|(o,oo) = 0 and xl(_oo-iog 2 ) = 1- Set 

Ae = x(log(-log(-p)) - log(-loge)). 

Applying Theorem l2.1l with 4 and ip replaced by — ^ log(—p) and ipP2n log jz—r(;| —^ log(—p) 
respectively, we then obtain a solution of du = fdX^ on U satisfying 


\u, 


'u 




lu 


< const 5 I log £ 


-2 


/ 1/1 

JUe 




provided e < £5 <C 1. Set g = X^f — u^. It is easy to see that p is a desired function. □ 

Lemma 3.3. Let V dd U be two bounded pseudoconvex domains in C”'. Suppose that 
{ipj} d PSH~{U) satisfies condition {*) and ipj converges almost everywhere on U to a 
function ip E PSH~{U). For every f E p), there exists fj E A‘^{V,ipj) such that 

limsupj^^||/j||i2(y_<^.) < ||/||l2((7_^) 

and Wfj - f\\L2(v) 0- 

Proof. Let E be the complete pluripolar set in condition (*). It is known that there is 
a function g E PSH~{V) H C°°{V\E) such that g = —00 ou E dV (cf. [7], Chapter 3, 
Lemma 2.2). Replacing p by p — 1, we may assume that p < — 1 holds on V. Set 

4 = -log(-p). 
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Let X be as above. Set 

Ae = x(log(-V’)+ loge), 0<e<l. 

Applying Theorem 12.11 with and (p replaced hy ipj2 and pj + ip/2 respectively, we then 
obtain a solution of du = fdX^ on V satisfying 

< C„£" / 

JSe 

where 5;. := IL n {—ip < 1/e} and Cq > 0 is a universal constant. 

Since e~'^i is bounded by a positive function pSe by condition (*), and / € 

L°°{V), so we obtain 



in view of the dominated convergence theorem. Set 

fj,e = Ae/ — Uj^^. 

We then have fj^s ^ 0(V) such that for every j > je ^ 1, 

\\fj,£\\L'^{V,ipj) < (1 + Co£)\\f\\L^{U,>fi), 
and since pj and p are non-positive, 

\\he-f\\h^v)<‘^ [ \f\" + Coe^ [ 

It suffices to take a subsequence from {fj^e}- D 

Proposition 3.4. Under the eonditions of Theorem M.ll we have 

Kj{z)^K{z), zGQ. 

Proof. Let 5 be a compact set in 0 and w £ S he arbitrarily fixed. Set f{z) = K{z, w) and 
rig = {/9 < —s} for e > 0, where p is a negative continuous psh exhaustion function of Q. 
By virtue of Lemma [331 there exists fj^e £ such that 

hinsupj^^\\fj^e\\mne,<Pj) ^ Wfh^n,^) = \/K{w) 

and fj,e{w) -5- f{w) as j oo. On the other hand. Lemma [3.21 yields a function G 
A^{Ul,Pj) with gj,e{w) = fj,eiw) and 

\\9j,e\\L^{n,v^j) < (l + const5/|loge|)||/j-g||i2(t^^_^^.). 

It follows that 

liminfj^ooAj/'w;) > - - (1 + constg/l loge|)“^Ar(u;). 

Since e can be arbitrarily small, so we get 

liminfj_>.ooA'j(rc) > K{w). 

Combining with Proposition 13.11 we conclude the proof. □ 
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Proof of Theorem M . 1\ Set ipj^k = max{(/7j, — A:} and = max{(y9, —A;}. Let Kj^k{z,w) 
denote the Bergman kernel with weight ^pj^k on 0. Since pj^k > so 

Kj(^-,w) G L {Qj^pj') C L (Q,,pj^k)i 


and we have 



f \Kj^ki-,w)\‘^e-^r'^ -2Kj{w) 

Jn 


< Kj^k{w) - Kj{w). 


Set = {p < —s} for e <C 1, where p is a negative continuous psh exhaustion function 
on n. We then have 


\\Kj{-,w) - K{-,w)\\l2(^^^) 

< - Kj^k{-,w)\\L2^n^) + \\Kj^k{-,w) - iLo,fc(-,'»^)||L2(n,) 

+ \\KQ^k{-,w) - K{-,w)\\l2^^^) 

< \\Kj{-,w) - iLj,fc(-,w^)||L2(o,vp^.fe) + \\Kj^k{-,w) - Ko^k{-,w)\\Lpne) 

+ \\Ko^ki-,w) -iL(-,u’)||L2(0,vPo,;=) 

< (Kj^kiw) - Kj{w)y/‘^ + {Ko,k{w) - K{w)y/‘^ 

+ \\Kj^ki-,w) -iLo,fc(-,R’)||L 2 (ne)' 

Let denote the Bergman kernel with weight (/?o,fc on fig. Notice that 


< -i^o,fc(->«')lli2(n„vo.fc) 

= [ \K,,ki;w)\^e-^°’>‘+ [ \Kl,i;w)\^e-'^°’'^-2Kj,kiw) 

J J 

Jfle 

and 

\\Ko,k(.-,w) - Klki-^w)\\h{Qe) - ^o,kiw) - Ko^kiw). 

Since 

\Kj^k{z,w)f < Kj^k{z)Kj^k{w) < Kn{z)Kn{w) 

where Kq is the (standard) Bergman kernel of n, it follows from the dominated convergence 
theorem that 

as j oo. Thus for every 0 < r <C 1, 




Kj,k{w) +T, 
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provided j > j{k,e,T) ^ 1. It follows that 

\\Kj{-,w) - K{-,w)\\L^ne) 

< (Kj^kiw) - + (i^o,fcM - K{w)Y/^ 

(3.1) +{K^oA^) - Kj^w) + r)V2 + 

By virtue of Proposition 13.41 we have 

lim Kj{w) = K{w) and lim Kj^k{w) = Kq^i^{w). 

j^oo J—>-oo ’ ’ 

On the other hand, it is easy to verify that 

lim Kq j^{w) = Kq kiw) and lim KQk{w) = K{w). 

£—>■0 ’ ’ k—^oo ’ 

Thus we get 

lim Kj{z,w) = K{z,w) 

j^oo 

in view of (|3.ip and the mean value inequality. 

Remark. By Cauchy’s integrals, we may show that 


dzf^dw'^ 


dzi^dw'^ 


for all multi-indices /r and v. 


□ 


4. Applications to singularity theory of psh functions 


The following result improves a key semi-continuity result for complex singularity expo¬ 
nents (cf. [8], Lemma 3.2; see also [25], [22]). 


Proposition 4.1. Let U he a bounded pseudoconvex domain in C”. Suppose that {^Pj} C 
PSH~{U) satisfies condition (*) and pj converges almost everywhere on U to a function 
p G PSH~(U) such that e~‘^ G Lf{U). For every V CC P, there exists jo G such that 


e < const. 


'V 


for all j > jo. 


Proof Choose a pseudoconvex domain W satisfying V <Z<Z W <Z<Z U. Applying Lemma 
ED with / = 1, we get a function fj G 0{W) such that 

[ < const. 

Jw 

for j ^ 1, and \\fj — —)■ 0. It follows that \ fj\ > 1/2 on V when j S> 1, so that 


e < const. 


'V 


□ 


Combining Proposition 14. II with Example (2) in § 1, we immediately obtain the following 
result due to Berndtsson [5] (originally conjectured by Demailly-Kollar in [8]): 

Corollary 4.2 (Openness Theorem). Let U be a bounded pseudoconvex domain and p G 
PSH~^{U) with fu e~’^ < oo. Let V be a relatively compact domain in U. Then there 
exists p > 1 such that fy e~P'^ < oo. 
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Remark. After Berndtsson’s work [5], Guan-Zhou m proved a strong openness theorem 
that Jjj |/pe“‘^ < oo for a fixed holomorphie function f implies fy \ f\‘^e~P’^ < oo for some 
p > 1. It is unclear whether the method developed here still applies to this more general 
case. We refer to m, m, 19 ] and [ 20 ] for related works on openness theorems. 

An equivalent statement of the openness theorem is that if y? is a psh function in a 
neighborhood U of 0 such that cq{(p) < oo, then is not in any neighborhood of 

0. Actually, we have the following more general conclusion: 


Proposition 4.3. Let cp be a psh function in a neighborhood U of 0 such that CQ{ip) < oo. 
Then is not in any neighborhood of 0 for every 0 < r < 1. 

Proof. Fix a number c > co{p) =: to- Set 

E := G U : e~^'^ is not in any neighborhood of . 

By virtue of Bombieri’s theorem (cf. [I8|, Corollary 4.4.6), E is an analytic subset in U. 
Clearly, 0 G E. Shrinking U if necessary, we find /i, • • • , fm £ such that E CiU = 

rijf~^{0) and Ylj l/jP < on U. Furthermore, we may assume that p < —1 on U. Set 

= - log (^-log^ 

and 

4‘r,T = -rlog{-p) + Tlf 

where 0 < r, r < 1. Notice that 

idd4>r,T > ridlog{—(p) A 91og(—(/?) + ridfi A 

and 

d4>r,T = — r(91og(—<y9) + rdfi. 

It follows that 

id(f>ry A dcpry < r'^{l + ^/T)i^log{—^p) A dlog{—(p) 

_I_(t-3/2 _|_ A dfi. 

\i r < r' < \, then 

r'idd(j)ry > id^ry A dcjiry 
provided r <C (^ — 1)^. Let x be as above. Set 

Ae = x(log(-V’)+ loge), 0<e<l. 

Suppose on the contrary that there exists a (pseudoconvex) neighborhood P of 0 such 
that 

[ < oo. 

Jv 

Applying Theorem 12.11 with ip and p replaced by (j)r,T and tp + rxp respectively, we then 
obtain a solution ut e oi du = dXs on V satisfying 


IV 




< const,/ / \dXe\liQQ^e 


IV 


L 


-2 / p-r\og{-ip)-t<p 

'l/{2£)<-'ip<l/s 
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Since e is over V n {—"0 < 1/e}, so we obtain 

/ g-»'log(-93)-t(p / g-rlog(-¥3)-to¥’ 

as t —7> to, ill view of the dominated convergence theorem. The function ft^e := Xg — ut^g is 
holomorphic in V and satisfies 

[ \ft,g\^e-^y\^r < consV / 

Jv Jv 

and ||/i,£ —1 ||l2(v') ^ 0 as t —>■ to and e ^ 0. It follows that for certain smaller neighborhood 
IT of 0 we have \ ft,g\ >1/2 provided e ^ 1 and |t — to| 1, so that e~^‘^ < oo for some 
t > to, contradicts with the definition of to = co(</?). □ 


Remark. Proposition \ 4 -^ does not hold for r > 1 . An elementary example is given by 
ip{z) = log|z|. Tet it is still possible that the case r = 1 is true. On the other hand, the 
example (p{z) = log|z| — (—log where \z\ < 1, shows that there does not exist in 

general a number r > 1 sueh that is in some neighborhood ofO. 

Similar ideas also yield an openness theorem for 5^—invariant psh functions near infinity. 
Let T denote the set of positive continuous psh functions ip on C" satisfying ip{z) —oo as 
\z\ —)• oo. For every G T”, we define the log canonical threshold Coo{ip) of at oo as 

Coo(v^) := inf{t > 0 : e~*^ is in C""}. 

For every t € R>, we denote by Kt the Bergman kernel with weight tip on C”. Set 

c'ooip) ■= > 0 : iLt(O) 7^ 0} 


and 


c'^{ip) := inf{t > 0 : iLt is not identically 0}. 

Clearly, we have Coo{ip) > c^(v^) > c'^{ip). On the other hand, the following elementary 
fact holds. 


Lemma 4.4. If ip is S^ —invariant, i.e., Lp{e''^z) = Lp{z) for every 0 G M, then Coo{ip) = 
c'ooip)- 

Proof. Suppose Kt{0) / 0. Since Kt{z,0) is an entire function on C”, so we have 

Ktiz,0) = •••4". 

Notice that zf^---z^'‘-Ll in Lp‘{C^,tip) whenever Oj > 0, for ip is invariant. It 
follows that 



Thus we have e G L^(C"'), so that Coo{ip) < D 

Proposition 4.5. For every ip £ P, we have 

(1) = 0 and = 0. 

(2) If p is S^ —invariant, then is not in C"'. 

Proof. (1) follows directly from the following proposition. (2) follows from (1) and Lemma 

lOl □ 

Proposition 4.6. If p & P, then Kt{z) is continuous in t over M>. 
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Proof. Let G R+. Set 
We then have 


if = -log(2/to + p)- 




2/to + P (2/to + 

> idip A dip 

provided \t — to| < to/2. Let x be as above. Set 

Ae = x(log(-i/>)+loge), e<l. 

Let w G Bji := {| 2 ;| < R}. Applying Theorem 12.11 with 99 and ip replaced by tip + ip/2 and 
Ip/2 respectively, we get a solution ut of 

Bu = KtQ{-,w)dXe 

such that 


[ \ut\ 


2 -tip 




< Co / \Kt,i;wW\e 


hdd{tp+‘tp) 




< Co 




< Coe^ 




lp‘^ 


< Coe'^Ktoiw) 

provided |t — to| < % 1. Here Co is a universal constant. If e <C 1, then Br^i C {—ip < 

^}. Since ut is holomorphic on {—ip < ^}, so the mean value inequality yields 

\2 


< constn / \ut 
J Br+1 

i,to,R I 1^*1 
J Br+1 
-2 ; 


< const,, 


2^-tp 


< constnpoP^ Ktoiw). 

It follows that ft := XeKtQ{-,w) — ut is an entire function satisfying 

|/t(w^)| > Ktoiw) - constn,to,R^ 

and 


\\ft\\L2(c^,tp) < (1 + Coe)-\/K/j(w) 
provided |t — to| < i/e <C 1. Thus 

liminU^toKtiw) > Kto{w). 
Interchanging the roles of t and to, we obtain 

limt^toKtiw) = Kto{w). 


□ 


Problem 1. Is e ^ L^(C"’) for every ip ^ F? 
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5. Proof of Theorem 11.31 

It suffices to verify the following two propositions. 

Proposition 5.1. If w £ n\{0}, then Kt{'w) is Holder continuous of order /3 at t = 0 for 
every /3 < 


Proof. Set f{z) := Ko{z, w)/ Kq{w). Fix 1/2 < 7 < 1 for a moment. Let x..,, : M —)• [0,1] 
be a smooth function satisfying X 7 l(o,oo) = 0 and X 7 1 (- 00 ,log 7 ) = 1- Set 

^ 7,6 = X 7 (log(-Po) - log(-loge)), 0 < e < 1. 

Applying Theorem 12.11 with = —I log(—(^ 0 ) and replaced by (ft + 2nlog \ z — w\ + fj, 


we find a solution ut of du = fdX^^e on VL satisfying 

[ < 24 / \ff\dX,,,\^gg e 

Jn Jn 


< 


C 


—ifit—'in log |2—«)| 

\f\\-^K 


provided e <C 1 , where C > 0 is a generic constant independent of t, e, w 

-4s,£ = {-¥^0 < -sloge} , s > 0, 
and 6j^s(vj) = d(w,Ai^if\A.y^^). Since 

|e^*(^)-e^oP)| < zGLI, 

so we have 


i + < 1 + 


C\tf 


1 


< 


1 


f>^o-C\t\°‘ 1 - C'|f|“e-¥’o “ 1 - Clfl^/e’ 

on Ai^£ provided |t|“/e <C 1 , and 

g^t-v .0 < 1 + < 1 + C\t\^/e. 

Notice that 


\f{z)\<^K^<C 

on Ai^£\A.y_£ provided e <C 1 , for is a continuous function with an isolated zero at 0 . 
Since e~'^° is in a neighborhood U of 0, so the volume |Ai^£\A.y^£| of Ai^f\A.y^^ satisfies 


Ju 


for every 1 < c < co{tpo), and 


[ I/Pe < C'lAi^e/A.^^el/e < constcs'"'^ ^ 

^l,e\^7,e 


It follows that 


|.y^|2g-¥’t-2nlog|2-«)| ^ 


constr 


-C7-1 
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Set ft = — ut- Then ft is holomorphic on Q with ft{w) = f{w) = \JKq{w) and 

= \\^l,ef\\L'^(Q.,ipt) + \Wt\\L'^(n,ipt) 


< 


constc cT-i 

1 + T—2 


so that 

Next we set 


(1 - C'|t|“/e)V2 5^^e{w) 

=■ at,e{w), 

Kt{w) > Ko{w)/at,s{wf. 


gt{z) := Kt{z,w)/y'Kt{w), zGQ. 

Similar as above, we have a solution uq of du = gtdX^^g on Q satisfying 

[ |^o| 2 e-V^O- 2 nlog|.-^| < 24 / 


< 


< 


c 






\9t\ e 


2„-</’0 


for \gt{z)\ < Kt{z) < C provided e <C 1. Clearly, go := X^^^gt — uq is holomorphic on 17 
such that go{w) = \jKt{w) and 

\\9o\\L'^(^i,ipo) = \\^'r,£9t\\L‘^{n,^o) + \\uo\\L‘^{n,^o) 


< ( i + c | tr /£)^/2 


CO'— 1 

Ce^ 

S^,s(.w)^ 


=■ btAw), 


so that 
Notice that 


Ko{w) > Kt{w)/bt,e{wf ■ 

at,eiw) = 1 + O /d^^ei'wT'^ 

bt,siw) = l + o(^\t\°‘/e + e^/6^^e{w)"''^ 


C7— 1 


provided |t|"/e + e 2 <C 1. Thus 

(5.1) \Kt{w) - Ko{w)\ < C (\tr/s + . 

2a 

If e = |t| “r+i then 6^^£{w) > const^, > 0, so that Kt{w) is Holder continuous of order 
at t = 0. Since c and 7 can be arbitrarily close to co(v9o) and 1 respectively, we 
conclude the proof. □ 

Proposition 5.2. it't(O) is Holder continuous of order (5 at t = 0 for every (3 < 77 ^^, 


where 


go = mm 


1 co(v 2 o) - 1 


Co{(p)’ 2n 


To = min 


. f co{(po) - 1 


I 2 r/o 


— n, 1 
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Proof. Let u > £o(v^o)- We then have 

gV’oCz) > constjy jz 


on provided e <C 1. Thus 

Ai^f\A.y^^ C {z : l^l < consti/ 


so that 


S-I,e{w) > l^i’l/2 


provided /\'w\ ^ 1. Set 


r] = min 


7 C7 — 1 


V 2n 

If e = \w\^/^/C with C> 1, we then have 

\Kt{w) - Ko{w)\ < C 


T = mm 


C7 — 1 
2r] 


-nA} . 


\w\^/ri 


cy—l 

+ Itel 2>7 


in view of (15.ip . provided <C 1. On the other hand, we claim that 

\Kt{w) - Ktm <C\w\. 


To see this, notice first that Kt{z) < Kq{z) < C for all z in a small neighborhood U of 0, 
where Kq is the (standard) Bergman kernel on n. Since 

[ \Kt{;z)\^< [ \Kt{;z)\^e-'^^ =Kt{z) <C 
Jn Jn 

for all z E [/, it follows from Cauchy’s integrals that for w, w' sufficiently close to 0, 

\Kt{w', w) — Kt{w)\ < C\w — w'\ 


so that 

Thus 


Kt{w, w') — Kt{w')\ < C\w — w' 
\Kt{w) — Kt{w')\ < C\w — w'\. 


\Kt{0) - Kom < C 
< C 




\w\^/v 

\tr 


r]TOi 

< C\t\ i+w 


+ Itcl "■ + |u;| 


+ 1^1 


provided |u;| = Since c,v and 7 can be arbitrarily close to co(ipo), jCo(po) and 1 

respectively, so we conclude the proof. □ 


Problem 2. How to get the Holder continuity of Kt in t when co((^o) < 1? 
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6. Proof of Theorem 11.41 

Proposition 6.1. Let H C C” be a bounded pseudoconvex domain. Let p be a negative 
continuous psh function on Ll. Set 

= {z G H : —p{z) > e}, e > 0. 

Let S be a compact set in LI. Suppose 

S' :={z€ LI: d{z, S) < d{S, dLl)/2} c 11^° 

for some £q > 0. Let Kq denote the Bergman kernel on Then for every 0 < r < 1, 


[ \Kn{-, w)\'^ < constn,rd{S,dLl) ^”(e/o)’' 

J — p<£ 


for all w G S and £ < £r ^ ^o- Here a = mis'{—p). 

Proof. Let k : M ^ [0,1] be a smooth cut-off function such that k|(_oo,i] = [ 3 / 2 , 00 ) = 0 

and Ik'I < 2. We then have 


' —p<£ 


\Kni-,w)\'^ < / K{-p/£)\Kn{-,w)f 


By the well-known property of the Bergman projection, we obtain 

/ K{-pl£)Kn{-,w) ■ Kq{-, C) = K{-p{C)/£)Kn{C, w) - u(C), C ^ 
Jn 

where u is the L^(n)—minimal solution of the equation 

du = d{K{-p/£)Kn{-,w)) =: v. 

Since K{—p{w)/£) = 0 provided < £q, so we have 


[ \Kq{-,w)\‘^ <-u{w). 

J —p<£ 


( 6 . 1 ) 

Set 

fj = —rlog(—p), 0 < r < 1. 

Clearly, xf is psh and satisfies riddf) > idxjj A dxjj, so that 

iv Av < Cor~^\K' {—p/£)\'^\K q{- , w)f iddxp 
for some numerical constant Cq > 0. Thus by ()2.3I1 we obtain 


/ 

Jfi 


Pe < const, 


I 


\Kn{-,w)\ e 






< const^e'' / \Kn{-,w)\‘^. 

J-P<h 


Since e ^ on S' and u is holomorphic there, it follows from the mean value inequality 
that 


< cousin d{S, dLl) [ \u\ 

Js' 

< cousin d{S, dLl)~‘^"‘a~^ j 

Jo 


\u\^e-^ 


< cousin,r d{S,dLl) ^"(e/a) 
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Thus by (j6.ip . we obtain 


[ \Kn{-,w)\'^ <constn,rd{S,dn) ( [ \Kn{-,w)\‘^ 

J—p<e \J—P<\£ 


1/2 


Notice that 


'-p<§£ 


provided < Eq. Thus 


\Kn{-,w)\‘^ < / \Kn{-, 10)1“^ = Kn{w) < cousin d{S,dn) 


—2n 


< cousin,rd{S,dVl) 


J —p<£ 

Replacing e by |e in the argument above, we obtain 


'-p<h 


\Kn{-,w)\' < consWd(5,51^)-2-(3/2)^/2^e/a)^/2 


provided (3/2)^e < Eq- Thus we may improve the upper bound by 


\Kq{-,w)\ < cousin, rd{S,d^}) {E/a) 




J —p<£ 

By induction, we conclude that for every k E Z+, 

J —p<e 

provided (3/2)^e < eq. Since r/2 + r/4 + - • • + r/2^ —>■ 1 as /c —)> oo and r —)• 1, we conclude 
the proof. □ 


Proof of Theorem \1.4\ Fix a pair t Y ^ moment. Set e = \t — to|“- Since Qt is 

pt—Holder continuous of order a, so there exist positive numbers 73 72 /§> 7 i 1 and 
7 > 0 such that 

(6.2) {-pt > 72 e} C {-pto > 71 £} =■ ^to C {-Pt > e} 
and 

( 6 . 3 ) {-pt > ( 3 / 2)72 e} D {-pto > 73 e} =: 
provided |t — to| < 7 - Let k be as above. Set 

Xt,e = 1 - K{-pt/{'y2E)). 

Let S' be a compact subset of the total set 

n = {(^, r) : z G Qr,T G (— 1 , 1 )}. 

Let Sr = {z : {z,t) G S}. Without loss of generality, we assume that St^ Y 0- Thus there 
exists a sufficiently small number tq (depending only on S) such that 

(6.4) {iz,T) : z G Sr,\T - tol < ro} C x (to - roYo + ro) 
where 


— {-Pto > 273 e}, 
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provided e <S 1. Let denote the Bergman kernel on Fix z,w G StQ for a moment. 
By the reproducing property, we have 


Kt{z,w) = 




/Cen' 


KtiC,w)K'^iz,C) 

Xt,eiC)m,w)Kl^{z,C) 


‘0 


+ [ ii-Xt,,icmic,w)Ki^iz,c) 

(6.5) =: I+ 11. 

Since Xt^e{w) = 1 and Xt^e = 0 outside in view of (I6.2I) - (I6.4I) . so 

( 6 . 6 ) 


I = 


'CGDt 


Ke{C)K'toi^^C)KtiC,w) =Kl^{z,w) -ut{w), 


where Ut is the (fit)—minimal solution of 

du = d{Xt,eK[o{-+)) =■ vt- 

Applying (12.3p with -0 = —rlog(—pt) (0 < r < 1) and (/? = 0, we obtain 


[ Wife ^ < const,, f \K'{-pt/£)\‘^\Kt^{-,z)\'^e ^ 

J r2/: j Q,t 

< constre'’ f \Kl {■,z)\‘^ 


< constr e 


I 

I 


72 e<-pt< 2 l 2 e 


-ptQ <73 £ 




-2r 


< constr,s e 

in view of Proposition 16.11 By the mean value inequality, we obtain 
(6.7) |ui(r(;)| < constr,s s'”. 

On the other hand, we have 


II < 


L 


\Kt{;w)K'^{z,-)\ < 


/n'^n{-pt<( 3 / 2 ) 72 £} 


\Kt{;w)K^^iz,-)\ 


< 


V4-pto<73£ 
, we get 




\ 1/2 / . \ 1/2 
\ Kt {; wr ) 

\4-pt<(3/2)72 e y 

(6.8) < constr,s 

in view of Proposition 16.11 By (I6.5I) - (I6.8I 

(6.9) \Kt{z,w) - K[^{z,w)\ < const,.,5 |t - toT". 

The point is that the constant of the RHS of ()6.9p is independent of to- Thus for any pair 
t ^ s with |t — s| < r/ <C 1 we may take to = ^ so that (j6.9l) holds for t and s. By the 
triangle inequality, we finally get 

\Kt{z, w) — Ks{z, iu)| < constr ,5 |t — s|™. 

□ 



18 


BO-YONG CHEN 


Proposition 6.2. Let — 1 < t < 1} be a C'^ family of bounded pseudoconvex domains 
in C” with boundaries. Then there exists a number 0 < a < 1 such that Kt{z,w) is 
Holder continuous of order a in t. 

Proposition 16.21 follows directly from Theorem II.41 and the following result essentially due 
to Diederich-Fornaess [9j: 

Lemma 6.3. Let {14^ : —1 < t < 1} be a family of bounded pseudoconvex domains in 
C"' with boundaries. For every to G (—1,1), there exist a compact set S C an open 
neighborhood Iq of to and constants K>0,0<ri<l such that S x lo is contained in the 
total set Ll and 

pt ■.= -{5te-^\^\"r 

is psh on Llt\S x {t}, t G /q. Here 6t denotes the boundary distance of^lf. 


Proof. For the sake of completeness, we will include a proof here. By virtue of Oka’s lemma, 
we have — logJ* G PSH{Qt), so that 

id6t A Bdt 


( 6 . 10 ) 


— idddt > — - 


For any point z ^ Lit sufficiently close to dLlt (which is uniform in t in a sufficiently small 
open neighborhood /q of to), we denote by Zt the projection of z on dLlt. Given f G C"", we 
have the following decomposition 

C = C'®C" 

where {d6t,C)\zt = 0- By (I6.10p . we have 

\{d5tiz),C')\^ _ \{id6tiz)-d6tizt)),C)\^ 


-idd6t{z;C) > -- 


^t{z) 


^t{z) 

> -C5tiz)\C\^ 

where C > 0 is a generic independent of t. Since 

|C"| = |(5(ii(zi),C)| < \{d6t{z),0\+C5t{z)\C\, 


so 


-idd6t{z-,C) > -C6t{z)\C\^ - C|C| |(55t(z),C)|. 
Set i/it = — log^t + K\z\‘^, K > 0. Then 

iaSMz-x) = + 


6tiz) 

> (K-C)\C\^-C 
1 


St{z)^ 

|C||(a5i(z),c)| , \{d6t{z),0\^ 


^t{z) 


StizY^ 


> 


,.,2 , K55i(^),C)P 

Stiz)^ 


provided K sufficiently large. Since dipt = —d5t/5t + Kd\z\‘^, we conclude that there is a 
number 0 < ry < 1 (independent of t) such that 

iddipt > rjidipt A dipt. 

It suffices to take pt = — exp{—pipt). □ 


Remark. It is possible to weaken the boundary regularity in Proposition \6.^ to Lipschitz 
continuity by [T6] . 
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We conclude this section by proposing the following 
Problem 3. Is Ki{z, w) Holder continuous of order a in t under the conditions of Theorem 

As we will see in the next section, the answer is positive when n = 1. 


7. One dimensional case 


The purpose of this section is to show the following 

Theorem 7.1. Let {fit : —1 < t < 1} be a uniformly bounded family of simply-connected 
domains in C. Let 5t denote the Euclidean boundary distance of Lit. Suppose Lit is 
{—dt)—Holder continuous of order a over (—1,1). Then Kt{z,w) is Holder continuous 
of order a/2 in t. 

As a consequence, we obtain 


Corollary 7.2. Let {lit} be as the theorem above. Suppose furthermore that 0 € fit for all 
t. Let Ft : Lit ^ A = {z : \z\ < 1} denote the Riemann mapping which satisfies Ft{0) = 0 
and T/(0) > 0. Then Ft{z) is Holder continuous of order a/2 in t. 


Proof. Since 

Ktiz,0) = FmKAiFtiz),0)Fliz) = 

vr 

and F[ (0) = 'KKt{0), it follows that 



The assertion follows immediately from Theorem 17.11 


□ 


Remark. It is a classical result of Caratheodory that if dt is continuous in t then Ft is also 
continuous in t {see [23], Theorem IX. 13). 

We begin with the following 


Proposition 7.3. Let Ll be a bounded simply-connected domain in C and let d denote the 
boundary distance of 11. Then there exists a continuous negative subharmonic function p 
on Ll such that 

{d/rn)'^ <-p< (d/rn)^^'^ 

where r^ denotes the inradius of Ll, i.e., the radius of the largest disc inscribed in Ll. 
Proof. Let A denote the unit disc. Let 4>o{z) denote the hyperbolic distance between z G A 
and 0, i.e., 4)q{z) = log . Set if{z) = z G A. K straightforward calculation 

yields 




1 - U 


dzdz 4|z|(1 + |.2|)3 

It follows that pq := = 1 + 2'0 is subharmonic on A. 

Let = X{z)\dz\'^ denote the Poincare hyperbolic metric of Ll and let dhyp be the 

corresponding distance. Take a point zq gLI such that d{zo) = r^. Set (f = d\,yp{zo, •). Let 
T : n —>• A be a conformal mapping such that F{zo) = 0. Since 4> = (fo o F, it follows that 
p := —e~‘^ is subharmonic on H. Thanks to Koebe’s theorem, we have 

|dz|2 |Vdp 


ds 


> 


^yp - 4(52 


4^2 


-\dz\ 


a.e. 
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Thus 


> ^logl/J- ^logl/rQ, 


i.e., —p < To be more rigorous, we take a geodesic 7 with 7(0) = zq, 7(1) = ^ 

for an arbitrarily hxed point 2 G 17 and a variation {7^ : s € (—e,e)} of 7 inside 17 such 
that 7o = 7, 7s(0) = Zq and 7s(l) = 2; for all s. There exists a sequence of numbers sj —0 
such that S is differentiable a.e. along 7^^. for all j. Thus the hyperbolic length |7s^ |hyp of 
jsj satisfies 


\lsj I hyp ^ 2 


/' 


{log 6 ojs {t)ydt 


= ^logl/<5(2;) - ^logl/rn 


so that 


(j){z) = lim I75 I > \ \ogl/ 5 {z) - ^logl/rQ. 

J^OO 1 Z 


On the other side, it follows from the trivial estimate 


ds 


hyp ^ 


4|dz|2 _ 4|V<5|^ 


\dz\ 


that 

i.e., -p > { 5 /rnf. 


52 (i 2 

(j) < 2log 1/(5 - 21ogl/rQ, 


a.e. 


□ 


Let {17t} be as in Theorem 17.11 and let gt denote the (negative) Green function of 17*. 
We have the following Holder continuity of gt in 7: 


Proposition 7.4. Let Iq G (—1,1) and let Sto be a compact set in 17*p. Then there exists 
a constant C > 0 such that 

\gt{z,w) -gt^{z,w)\ < 

for all z,w G St^, provided t sufficiently close to to- 

Proof By Proposition 17.31 we may choose a negative continuous subharmonic function pt 
on 17* for each t such that 

< -pt < 

where r* = r^j. Clearly, < rt < Cq for some uniform constant Cq > 0. Set 

e = iColi\t - . 

Since 17* is (—(5*)—Holder continuous of order a, there exists 71 1 such that 

{(5* > 71 - ioT} = {<5*0 >\t- tol"} =: 17fo 

provided |t — to| < 7 ^ 1- Thus 

{-pt > e} C {(5* > 71 - io|“} C 17f^. 

Without loss of generality, we may assume that 5*o C {—pt > 2e}. Fix w G 5*o for a 
moment. Let gt^^e denote the Green function of 17*^^. Set 

h= inf gto,e{-,w) 

{pt=-2e} 


Qt = b- 


log{-pt + s) - log2g 
log 3/2 


and 
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Since 6 < 0, we see that Qt is a subharmonic function on which satisfies = 0 on 
{pt = —e} and pt = b on {pt = —2s}. Set 

Qt} e < -pt < 2s 
Qt -Pt < £■ 

It follows that Ip is a well-defined subharmonic function on fit which has a logarithmic pole 
at w and an upper bound b ■ }°| 3^2 • well-known extremal property of the Green 

function, we obtain 

/ 1 ^ ^ 7, logl/2 log 1/2 

9t[z,w) > iplz) - ^ = gtoA^^ w)-b- 


> 9toiz,w)-b 


log 3/2 
log 1/2 


log 3/2 


ip = 


log 3/2 

for all z £ StQ. It remains to estimate b. Fix R > sup diam(nt). We may choose positive 
constants Ci, C 2 independent of t such that 

log I • -w\/2R > -Cl if Pt = -C 2 , 

provided \t — to\ < p 1. Thus 

log I • —w\/2R on 

maxjlog I • -w\/2R, ^pt} on > -C 2 } 

gives a subharmonic function on with a logarithmic pole at w, so that 

gto,e{z,w) > = -"^CiC^^s 

for all 2 with pt{z) = —2s and e <C 1. Thus b > —const.e and 

gt{z,w) > gtoiz,w) - const.e > gtaiz,w) - const.|t - 
for any z,w G St^. Similarly, we may verify that 

gtoiz,w) > gtiz,w) - const.|t - 

□ 


Proof of Theorem 7.1 Fix to £ (~1) 1) for ^ moment. We may choose a positive number 
£0 such that the disc A2eo(C) C Pit for all C £ and all t sufficiently close to tg- Set 
ht{z,w) = gt{z,w) — log \z — rc| for all z,w £ Plf Clearly, ht{z,w) is harmonic in 2; and w 
respectively. By Proposition 17.41 we have 

\ht{z,w) - hto{z,w)\ < const.|t - 

for all z.,w £ = {z : dist(z,5tp) < eo}- Fix for a moment. The Poisson 

formula asserts 

^2- r2n 4-\w-C\^ 


1 rZTT rZTT 

= J fo(? + eoe*®,C + eoe*’^)j 


|eoe*® -{z- OP - {w - C)^ 

We conclude the proof by using the following famous formula of Schiffer 

2 d‘^ht{z, w) 


dOM. 


Kt{z,w) = 


vr dzdw 


□ 
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